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The minimum discriminant of totally real octic algebraic number fields is 
determined. It is 282,300,416 and belongs to the ray class field over 9(&) of 
conductor (7+2&):Y=L?(&) f or cC=(7+2~~+(1+~)~~~)/2. 
There is-up to isomorphy-only one field of that discriminant. The next two 
smallest discriminant values are 309,593,125 and 324,000,OOO. For each field we 
present a full system of fundamental units and its class number. (0 1990 Academic 
Press. Inc. 
1. INTRODUCTION 
The general idea of our approach is well known (see [S, 61, for 
example). It has been used to exhibit minimum discriminants of number 
fields of degrees six to eight and various signatures recently. For the 
convenience of the reader we present the basic material in brief. 
Let 9 be an algebraic number field of degree n and (0 = C?, be its 
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maximal order. We denote the discriminant of F by d, and fix an integral 
basis w1 , . . . . 0,. In 9 we introduce a scalar product ( , ) via 
(x, y) := i xup for all x, y E 9, 
j=l 
where the sum is over the conjugates of x, y, respectively. Analogously, we 
set 
T2(x) := (x, x) for all xE9. 
If we present XEO in the form x=x,w,+ ... +x,0, (x~E%~) then T2 
becomes a positive definite quadratic form in xi, . . . . x, of determinant IdsI. 
By Minkowski’s theorem on successive minima there exist elements 
PI = 1, Pz, ...T pn in 0 which are $-linearly independent and satisfy 
T,(P,) Tz(P~...TAPJ~Y: IdA 
where r,” denotes Hermite’s constant. Given a bound B for ldFI this 
inequality yields bounds for T,(pi) (1 < idn) and therefore also for the 
power sums 
S,(x) := f X(j)& (xE~,X#O,kEq 
j=l 
because of the trivial inequality 
(S,(x)1 < T,Jx) := f: Ix(~)J~. 
j=l 
From the bounds for S,(x) we get bounds for the coefficients ai of the 
characteristic polynomial 
fJt) := i a,ri (a0 := 1) 
i=O 
of the field element x by Newton’s relations: 
k-l 
Sk+ 1 atSk-i+kak=O (1 <kdn). 
i=l 
We note that the ai are rational integers for x E 0. Hence, from the bound 
B for the absolute value of the discriminant of 9 we obtain a finite set ~2’ 
of manic nth degree polynomials of 2Z’[t] which contains the characteristic 
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polynomials of p,, . . . . pn. Since those elements generate 9 over the 
rationals we are done in principle. 
In practice, however, we proceed in a slightly different way since the set 
J$! will be too large. We generate a set .,& that will necessarily contain the 
characteristic polynomial of pz, only. We remove all those polynomials 
from .& which cannot be characteristic polynomials of non-rational 
integers of totally real eighth degree fields. The remaining polynomials split 
into three different types which are treated separately. 
If a polynomial still contained in J& is irreducible any zero of it will 
generate a totally real algebraic number field 9 of degree eight. We 
compute its discriminant d(f) and eliminate the polynomial if the 
corresponding field discriminant d,F is larger than B. This is outlined in 
Section 2. 
If a polynomial of &!* is the square of an irreducible fourth degree 
polynomial the corresponding element p2 generates only a subfield of 
degree four and we have to look for potential totally real extensions of 
degree two of that subfield. This will be done in Section 3. 
Finally, if a polynomial of J& is the fourth power of an irreducible 
second degree polynomial the corresponding element pz generates a 
quadratic subfield of a potential eighth degree field and we check totally 
real extensions of degree four of that subfield in Section 4. 
Since all fields were already obtained by the methods of Section 2 the 
results are listed at the end of that section. This includes the necessary 
isomorphism tests; namely, all fields were obtained by all three methods 
and thus by various generating polynomials. At the end of Section three the 
reader will also find information about the Galois groups of these three 
fields. This could be done more easily with the knowledge of a quartic sub- 
field than directly from the generating polynomial. 
2. THE GENERAL METHOD 
From the introduction it is clear how to obtain bounds for the coef- 
ficients of the characteristic polynomial of a suitable element p2 of a totally 
real eighth degree algebraic number field % whose discriminant is bounded 
by B. We choose B = 330,000,000 in the sequel. But even with the refined 
estimates of [8] it would be impossible to consider all polynomials 
obtained in this way. 
We had therefore to improve the existing theory. This requires the deter- 
mination of better bounds for the coefficients of potential characteristic 
polynomials as well as the processing of the huge number of generated 
polynomials. 
64!36/2-2 
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The initial procedure is as in [8], yielding bounds for the first two 
coefficients: 
O<a,d4, 
12dSz<24, and 
because of S2 = ai - 2a, also (a: - 24)/2 Q a, < (a: - 12)/2. 
We note that S2 2 12 is a result of Siegel [ 111. From the inequality 
between geometric and arithmetic means we obtain 
Ia81 < (S2/8J4 < 81. 
Taking into account local correction summands in the lower discriminant 
bounds as outlined in [7] we find that many numbers in the interval 
2 <x d 81 cannot be norms in our fields of discriminant less than B. These 
considerations reduce the number of potential a,-values by more than one 
half. 
For fixed values of a,, a,, a8 we obtain bounds for the remaining coef- 
ficients by solving some extremal value problems. Using Lagrange’s multi- 
pliers it is not very difficult to prove the following two propositions [4]. 
PROPOSITION 2.1. Let n, m be natural numbers satisfying 2 < m < n and 
T , , . . . . T,,, E 9, T,,, # 0. Let 
n 
Sk:9fn+W:X=(X,,...,X,)--r c xi” for k = 1, 2, . . . . m 
j=l 
and 
If the set Y is not empty then S, attains a global maximum and a global 
minimum in points of 9 with at most m different coordinates. 
The global extrema of S, on Y can therefore be determined by solving 
for each m-tuple (nl, . . . . n,) E JV”’ subject to 1 <n, < .. . <n, <n and 
n,+ ... + n, = n the following non-linear system of equations: 
1 
nlxl + ... +n,xf,= T, 
nlxl m-1 + ... +n,xz-‘= T,,-, 
~“1 . . . Xnm = T 
1 m  ITI.  
For each solution y the value S,(y) is computed and among those values 
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we find the extremal values we are looking for. But solving that system of 
equations is too difficult in general and we can do it only in special cases 
(see also [4, 81). 
PROPOSITION 2.2. Let k, m, n E JV” subject to 2 6 k < m <n and T,, S, 
(1 < i < m) as in the preceding proposition. Let 
9, := {XEP ( S,(x)= T,, S,-,(x)= T,m ,, x1 ..‘.K;= T,]. 
If 9, is not empty and m is odd then S, attains a global minimum and a 
global maximum on YI in points with at most three different coordinates. 
This proposition will be used to obtain bounds for the power sums 
S3, S,, S, in case SI, S,, aR are fixed. Analogously the last proposition 
holds for k = 2 and m = - 1 yielding bounds for S ~, and therefore different 
bounds for a,_, via 
a,-, = -a,K,. 
In practice the latter bounds for a,- i are much better than those obtained 
from S7 if la,\ is small. 
Similarly we get the extremal values of S,(x) with subsidiary conditions 
SAxI = T2, S,(x) = T4, xi ... x, = Jag) at points x with at most three 
different (positive) coordinates. 
The preceding considerations lead to systems of polynomial equations in 
each case. We abbreviate a lengthy discussion by presenting only one of the 
most difficult cases. Let r, s, t be the different coordinates of a potential 
extremal solution with multiplicities n, = 1, n, = 2, n3 = 5 for the subsidiary 
conditions 
rs2t5 = a*, 
r2+2s2+5t2= T,, 
r + 2s + 5t = T,. 
Eliminating variables by forming resultants with a good computer 
algebra system (we used Maple for this purpose) one obtains a 16th degree 
equation in t: 
31,500t16-30,000T,t15+ (12,500T;-39007’,)t14 
+ T,(2500T2-2900T;)t’3+(395T;-650T,T;+ 165T;)t” 
+ T,@OT,T:-50T;- 30T:)t” + (ST:T;+ T;-2T;-4T,T;)t10 
+ 34OOa, t8 - 1680a, T, t’ + a,(3OOTf - 180T,) t6 
+ as(36T, T, - 20T:)t5 + 108ai =O. 
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For each zero t of that equation we obtain s from 
s= (T, -5t)/3+,/(3T,+ lOT,t-40t2- T;)/18 
and finally r from 
r=T,-2s-5t. 
The other cases are treated similarly, most of them leading to much 
simpler equations than the one presented above. 
In this way we obtain-often several-bounds for the coefficients of 
eighth degree polynomials of the set Jtkz. The testing of the generated 
polynomials is as follows. 
The polynomial discriminant is computed by Cholesky’s method thus 
getting rid of polynomials with non-real zeros at the same time. Also we 
detect polynomials which are squares of irreducible fourth degree polyno- 
mials or fourth powers of irreducible quadratics during that process (see 
also [8]). We mention that the remaining polynomials still need to be 
tested for irreducibility although this is usually done at a later stage. 
Namely, most of these polynomials can be eliminated from our list because 
of inadequate discriminants. 
Let d(j) be a typical polynomial discriminant (in general of size less 
than 1015). From Diaz y Diaz [3] we know that every totally real 
algebraic number field of degree eight has a discriminant dF which is 
greater than 159,055,767. Hence, the polynomial under consideration is 
immediately removed from our list if there is no square number u2 dividing 
d(f) such that d(f)a-2 is in the interval 159,055,768 d x < 330400,000. 
For a fourteen digit discriminant d(f) this requires about 200 trial 
divisions. 
For each remaining polynomial f of A2 we obtain exactly one potential 
index divisor a. Let 9 be the set of different prime numbers dividing a. If 
P is not empty we perform the Dedekind test for f modulo p for each 
p E 8. If it fails for one such p (i.e., p2 does not divide d(f)/dF) the corre- 
sponding polynomial fis removed from A2. For those prime numbers p of 
9 dividing a/p we also compute the p-maximal overorder nP of %“[p] in 
F(p) by the methods of [12] (ORDMAX round two). Again we check 
whether the exact power of p dividing a equals the index of %“[p] in nP. 
Otherwise f is removed from d2. Finally we remove all reducible polyno- 
mials from Jldz. 
The remaining polynomials generate totally real eighth degree algebraic 
number fields with three different discriminants. From the considerations in 
the subsequent sections we get a view more polynomials with those 
discriminants. For each of the three discriminant values dg we list all 
polynomials with d(f) = d9 (no index divisors occured). By the methods 
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of [9 3 we check that all polynomials of the same discriminant generate 
isomorphic fields. (Because of the subsequent sections it suffices of course 
to show that each generated field contains a proper subfield.) For each field 
we present its class number and a full system of fundamental units which 
were computed by the methods developed in [lo]: 
d, = 282,300,416 
t* + 2t7 - 7t6 - 8t5 + 15r4 + 8t3 - 9t2 - 2t + 1 
t8 + 2t7 - 7t6 - 16t’ + 6t4 + 22t3 - 8t - 1 
t8 + 2t7 - 7t6 - 12t5 + 8t4 + 14t3 - 4t - 1 
t8 + 4t7 - 14t5 - 8t4 + 12t3 + 7t2 - 2t - 1 
We list the coefficients eV (1 < i 6 7, 1 < j < 8) of a full set of fundamental 
units e1, . . . . c7, 
Ei= eil + ei2p + ef3p2 + ei4p3 + ei5p4 + ei6p5 + ei7p6 -t eisp7, 
p a zero of the first polynomial. (The successive powers of p form an 
integral basis of 9.) They are 
-4 1 18 -1 -23 -4 7 2 
-3 1 18 -1 -23 -4 7 2 
-1 6 O-12 5 6-2-l 
0 6 O-12 5 6-2-l 
-2 6 19 -10 -26 -1 8 2 
-3 -1 15 7 -20 -7 6 2 
2-l 1 3 -8 -3 3 1 
The regulator of the field is Reg = 22.4469 and the class number is one. 
dF = 309,593,125 
t8 + 3t7 - 5t6 - 21 t5 - 3t4 + 35t3 + 28t2 + 4t - 1 
t8 + 3t’- 5t6 - 14t’ + 8t4 + 16t3 - 2t2 - 5t - 1 
t8+4t7-t6-17t5-5t4+23t3+6t2-9t-1 
ta + t’- lot6 - 8t5 + 22t4 + 15t3 - 13t2 - 8t - 1 
t8+t7-10t6-17t5+8t4+22t3+2t2-5t-1 
t8+t7-10t6+23t4-5t3-15t2+3t+l 
t8+2t7-9t6-9t5+20t4+14t3-11t2-8t-1 
We list the coefficients eV (1~ i < 7, 1 < j < 8) of a full set of fundamental 
units cl, . . . . E’, 
Ei=eil+ ei2p + ei3p2 + ei4p3 + ei5P4 + ei6p5 + ei7p6 + eisp7, 
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p a zero of the first polynomial. (The successive powers of p form an 
integral basis of 9.) They are 
1 -16 -40 -4 22 6 -3 -1 
4 -20 -65 -15 36 13 -5 -2 
1 -19 -49 -15 28 13 -4 -2 
2 -19 -49 -15 28 13 -4 -2 
o-1 0 0 0 0 0 0 
4 -16 -41 -4 22 6 -3 -1 
1 -12 -16 7 8 -1 -1 0 
The regulator of the field is Reg = 23.6986 and its class number is one. 
dF = 324,000,OOO 
t* - 8t6 + 14t4 - 7t2 + 1 
t* - 7t6 + 14t4 - 8t2 + 1 
We fist the coefficients eij (1 < i < 7, 1 < j < 8) of a full set of fundamental 
units E 1, *.., E7, 
&i=eil + ei2P + eijP* + ei4f13 + ei5P4 + ei6p5 + ei7p6 + eigp’, 
p a zero of the first polynomial (The successive powers of p form an 
integral basis of 5.) They are 
5 0 -21 0 15 o-2 0 
0 -8 0 34 0 -23 0 3 
0 6 0 -21 0 15 0 -2 
-1 -8 0 34 0 -23 0 3 
-1 6 0 -21 0 15 0 -2 
-1 6 o-14 0 8 O-1 
-1 7 o-14 0 8 O-l 
The regulator of the field is Reg = 24.3884 and its class number is one. 
All three number fields contain proper subfields and can therefore be 
better characterized than by just presenting generating polynomials. 
Namely, we have 
l The field of discriminant 282,300,416 is the ray class field over 
S($) of conductor (7 + 2 fi). 
l The field of discriminant 309,593,125 is a quadratic extension of the 
field 9(dm) of discriminant 725. 
l The field of discriminant 324,000,000 is the greatest real subfield of 
the field of the sixtieth roots of unity S?(CW). 
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Each field contains a quartic subfield and is therefore again constructed 
and described in greater detail at the end of Section 3. 
3. QUADRATIC EXTENSIONS OF QUARTIC SUBFIELDS 
In this section we determine all totally real octic fields 9 of discriminant 
d, < 330,000,000 which contain a quartic subfield X. The lower discrimi- 
nant bounds of [3, Table 31 yield the following inequalities for the norm 
of the relative discriminant 9 of 9 over X: 
159,055,768&* < N(g) < 330,000,000d,‘. 
We shall make use essentially of class field theory, and accessorily of 
Kummer theory. The necessary data for the quartic fields obtained in Sec- 
tion 2 are taken from [ 11. We note that all such fields have class number 
one, a fact which yields important simplifications both in class field and in 
Kummer theory since the class group Cl, is of odd order, in particular. 
Moreover, since our fields 9 are totally real quadratic extensions of I of 
discriminant dividing 9, they are described by the non-trivial character 
where U, denotes the unit group of Xx. 
Let 9 be generated over X by adjoining the square root of an algebraic 
integer LX E X to X. For a prime ideal p lying above the prime number p 
the corresponding valuation u = u, satisfies the following conditions: 
(i) u(g) = U(U) mod 2; 
(ii) u(~)E (0, l> if p is odd; 
(iii) u(g)) = 2v(2) + 1 for p = 2 and U(U) odd; 
(iv) ~(9) is even and <2u(2) for p = 2 and u(a) even. 
There is also the “relative Stickelberger congruence”: 
(v) N(9) so,1 mod 4. 
Hence, we just need to search for all potential ideals 9 in each number 
field X. From the remarks above we have N(g) 24, and equality holds 
only in case 9 = p2 for some ramified prime ideal p lying above 2 (because 
of the unit - 1). It is then easy to get rid of those B’s, and we may there- 
fore assume that N(g) > 5. 
Odd conductors are easily dealt with. Let us first suppose that 9 is a 
prime ideal p of odd norm. Then an extension 9 over X of relative dis- 
criminant $B exists if and only if all three units of a system of fundamental 
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units of X have orders modulo p which divide (N(p) - 1)/2. This condition 
is satisfied exactly in the following three cases: 
(i) dX = 2000 (X cyclic), 9 = (3); 
(ii) d, =2624=2641 and p being a ramified prime lying over 41; 
(iii) dX = 3600 (X = Z(J?, fi)) and LS being the principal ideal 
generated by 3. 
In all three cases there is exactly one octic field up to isomorphism. For 
(i) and (iii) 9 is isomor hit to s(560 + [;I), for (ii) B is isomorphic to the 
ray class field over Z!( P 2) of conductor a prime ideal lying above 41. 
Composite G@‘s have at most two prime ideal factors because of the dis- 
criminant range considered. There is only one such field 9 of discriminant 
5429219 .31 = 309,593,125. It is obtained from X=3(,/-) by 
LS = pq, where the ideals p, q are given by two generators via p = 
(19,B-7), andq=(31,0-3)for 0=(l+Jr$)/2. 
(Of course 9 = p’q’ generates the same field 9 but p’q as well as pq’ are 
not discriminants of totally real quadratic extensions of X.) Again 9 is 
unique up to isomorphy. 
Next we discuss even discriminants which for the same reasons as before 
can contain at most two prime ideal divisors. The case of L8 being a square 
is of special interest. Such 9’s correspond to extensions .X(&)/X for 
some totally positive unit E of X since X has an odd class number. By 
Kummer theory such extensions (possibly including X itself) are in one- 
to-one correspondence with the elements of U&/U: (the totally positive 
units modulo squares). By class field theory their number is equal to the 
number of those extensions of X of degree 62 which ramify only at 
infinite primes. 
Explicit calculations of potential 9’s were done by looking at congruen- 
ces modulo 4. We note that Us/U> is trivial very often. Namely the class 
number of the narrow class group of X is always odd if X is a quadratic 
extension which is ramified at exactly one prime of a quadratic field with 
the same property. We obtained just one extension (the only example with 
N(g) even and 2 inert in X), namely for Y =Z?([,, +[,I), d9 = 1125 
and g= (2). In that case U~;IiJ$ is of order 2, its non-trivial element 
corresponding to S([,,)/X by class field theory. Again we get 9 = 
JYr,, + GJ’). 
In the general case difficulties in the use of class field theory only occur 
if a high power of 2 divides N(g) (which does not happen for SS a product 
of two prime ideals) or if 9 = p2u(2) + ’ in case (2) is a power of p. (Then 
N(g) must be at least 512.) 
In these difficult cases we use a different method. We determine a 
generator a of 9 and a unit E such that EC( is totally positive and consider 
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suitable congruences modulo those factors of (2) which do not divide 9. 
A typical example for this procedure is provided by the field X = 
2(&q) with d, = 5289, where (2) = pp’ is a product of two 
different prime ideals of norm 4 each and where the possibility 9 = p3 is to 
be excluded. 
Finally, we determine the type of the Galois group of each of the three 
fields obtained. For any such number field 9 we have a faithful and transi- 
tive action of degree [S : S?] of a group 3 which is uniquely defined up to 
isomorphism: Take as 3 the group of a Galois closure X over Z? of 9, and 
consider the action of c?? on the set of conjugates of some primitive element 
of F. Hence, we compare the permutation groups of our three octic fields 
with the list of 50 isomorphism classes of groups of degree 8 given in [2]. 
For the field SI of discriminant 21z413, Y is of order 32 and 2 is an 
extension of L? = S(J?;) w  h ose Galois group C? is the direct product of two 
cyclic groups of order 4 on which the Galois group r of Y acts by 
exchanging these two factors. It is immediately verified that the cohomol- 
ogy group H2(r, 9) is trivial. Hence, ‘S is a semidirect product, and we can 
calculate the cycle distribution of 9. We find that ?S is the group T17 of 
Table 8c of [2]. 
For the held F2 of discriminant 5429219 ‘31 we remark that the extension 
of X in which a prime ideal p over 19 in 2 = 2(fi) has a balanced 
decomposition is of degree 8 over LZ and linearly disjoint from its con- 
jugates over Y. Hence, L!? is of order 128 and therefore is the group T35 
of [2]. (This group is the “generic” Galois group of an octic number field 
containing both a quadratic and a quartic subfield.) 
The case of 4 of discriminant 283456 is obvious: Y is abelian of type 
(4,2), and B is therefore the group T2 of [2]. 
4. QUARTIC EXTENSIONS OF QUADRATIC FIELDS 
When the integer p2 = p of 9 defined in Section 1 belongs to a quadratic 
subfield of 6, say 9, we obtain the following inequality by the methods 
of [6]: 
i pcJJ2 < (Tr,,,(p))‘/8 + (264. 107)‘17 < (Tr,,,(p))*/8 + 22.18, 
j= 1 
hence 
p2 + o(p)’ < 6.045, 
where cr denotes the non-trivial Sisomorphism of 9. An easy computation 
shows that 9 = L?(p) is one of the three quadratic fields LZ(,/?), L?(G), 
q/b. 
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In the sequel 9 denotes one of these three fields and d, its discriminant. 
According to [6] % contains an integer 0,B # 9, satisfying 
i 0(j)* < (LX; + /+,)/8 + (44.107/d,)“6 =: T2, (1) 
where Tr,,, (0) = (a1 + B1 JzY2 is an integer of Y. Since the case of % 
containing a quartic subfield was considered in Section 3 we can now 
stipulate without loss of generality that 0 is a primitive element of %/9. 
Hence, 8 is a root of an irreducible polynomial P(t) E a[?] which decom- 
poses in 0,[t] into a product of two conjugate irreducible polynomials, 
say p, p’, for which we use the following notation: 
P(t)=P+A/+ ... +A, (A,E%O, 1 <i,<8), 
p(t) = t* + a, t3 + . . . + u4 (U,EO& 1 ,<i<4), 
p’(t) = t4 + a; t3 + . . . + a; (ai = a(a,), 1 < i 6 4). 
We order the roots ej (1~ i < 8, 0i = 0) of P(t) such that f?,, . . . . 8, are the 
roots of p(t) and therefore e5, . . . . e8 the roots of p’(t). For each natural 
number j we consider the power sums 
sj=sj(e)= 5 e{, sj=sj(e)= i e;, +qe)= 5 e{. 
i=l i=l i=S 
Clearly, sj and sj are conjugates in Y and satisfy 
In the sequel we determine all candidates for polynomials p(t) E OP[t] 
having a zero 0 subject to (1). We notice that (1) remains valid if 
we change 0 to - 0 or to 0 + c1 for an arbitrary a E oY. Additionally we 
assume that p(t) is that divisor of P(t) in Oz[t] satisfying s, = -a, = 
(a1 +/3i &)/2 with /?i 20. We obtain that the pair (a,, PI) can be 
chosen from the set 
{(OY 013 (0,2), (1, 11, c&O), c&2), (3, 11, (4, O,} for d, = 5 
and from 
((0, Oh (0,2), (09 419 GLO), (2,2), CL 41, (4,0), (4,219 (494)) 
for d,=8ord,=12. 
For each of these pairs and the corresponding value of si we obtain an 
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upper bound for S2 by (1). Then we make use of Theorem 4 of [ 81 to get 
upper bounds for S,(d), S,(0). 
For j = 2, 3,4 we set sj = (aj + 8, &)/2). We note that aj E pi mod 2 for 
d, = 5 and that aj is even if d, is even. The integers si of Y satisfy 
12<a,dLT,J, I Bzl G L~?lJGJ~ (2) 
because of 12 < S, < T2 and s2 > 0, s; > 0. Also we have 
max{la313 IPJ al GLTJ, (31 
O<a,<LTd I B41 d Lad&A. (4) 
We can still reduce the number of polynomials p(t) to be considered by 
using the following obvious inequalities: 
8 Sl s2 
s, s2 s3 >o, (5) 
s2 s3 s4 
4 Sl s2 
$1 s2 s3 >o, (6) 
s2 s3 $4 
4 Sl’ S2’ 
Sl’ S2’ S3’ > 0. (7) 
S2’ S3’ S4’ 
For fixed values of sr, s2, s3 these inequalities yield lower bounds for s4, sk 
and S4. 
The polynomials P(t), p(t), and p’(t) have all real coefftcients and real 
roots. As a consequence the coefficients must satisfy Newton’s relations: 
and 
7A,A3<4A;, 9a,a, d4a:, 9a; a; < 4;’ (8) 
8A,A, < 5A;, 8a,a, < 3a:, 8a;ak < 3ai2. (9) 
The discriminants of p(t) and p’(t) both must be positive. Some minor 
simplifications can be made for a, = 0 or for PI = 0. Let us consider integers 
s, , s2, s3, s4 of $P with rational integral components in the ranges given by 
the inequalities (2) to (7). From those values of the symmetric functions we 
derive all coefficients of potential polynomials p(t) and p’(t). We then 
delete those polynomials whose coefficients do not satisfy (8) or (9). If the 
discriminants d(p) and d(p’) are both positive we compute the roots of 
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these polynomials with suficient accuracy to check their irreducibility in 
T[t]. If P(t) is irreducible in 0’[ t] then the same is true for P(t) in S!![ t] 
and we have F =2(e) and [P:P’] = 4. Using the discriminant d(p) we 
factorize d(P) and determine the index i of .%[0] in 0 to obtain the 
discriminant of 9 via d9 = d(P)i-*. 
All totally real octic fields having a discriminant smaller than 
330,000,000 found in this way are listed in the following table, where we 
write (x, y) for the integer (x + y a)/2 of 9: 
ds d9 al a2 a3 a4 i 
324,000,OOO 5 (O,O) 
324,000,000 5 (QO) 
309,593,125 5 (1, 1) 
309,593,125 5 (191) 
309,593,125 5 (191) 
309,593,125 5 (272) 
309,593,125 5 (391) 
309,593,125 5 (3, 1) 
309,593,125 5 (430) 
282,300,416 8 (2, 1) 
282,300,416 8 (2,2) 
282,300,416 8 C&2) 
282,300,416 8 (430) 
324,000,OOO 12 (0, 1) 
324,000,OOO 12 (0,2) 
(-7, -1) 
t-8, -2) 
(-9,3) 
(-993) 
(-9, -1) 
(-5, -1) 
(-6,O) 
t-6 0) 
(-5, -1) 
C-6 -1) 
(032) 
(0, 1) 
(-4, -1) 
(-430) 
(4,O) 
(07 0) (371) 1 
(03 0) (331) 
(4, -4) (1, -1) 1: 
(-531) (4, -2) 
(23 0) (3, -1) 1: 
(-9, -5) (-1, -1) 23 
(-5, -3) (-1, -1) 1 
(-12, -4) (-4, -2) 1 
(-7, -1) (42) 1 
t-6, -2) (62) 1 
(0, -2) (-2, -1) 1 
(-4, -2) (-2, -1) 1 
l-6, -1) (2,1) 1 
to, -2) (-2,O) 1 
(0, -1) (-TO) 1 
Additional computations show that all fields of the same discriminant 
are isomorphic. 
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